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Let α, β , p and q be all variable exponents. Our aim in this paper is to deal with weighted
Sobolev inequality for Riesz potentials of order α with functions f in Musielak–Orlicz
spaces Lp,q,β (Rn) of variable exponent. Here p(·) and q(·) are variable exponents satisfying
the log-Hölder and the log–log-Hölder conditions, respectively.
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1. Introduction
Let Rn denote the n-dimensional Euclidean space. For an integrable function u on a measurable set E ⊂ Rn of positive
measure, we deﬁne the integral mean over E by
−
∫
E
u(x)dx = 1|E|
∫
E
u(x)dx,
where |E| denotes the Lebesgue measure of E . We denote by B(x, r) the open ball with center x and of radius r > 0, and
by |B(x, r)| its Lebesgue measure, i.e. |B(x, r)| = σnrn , where σn is the volume of the unit ball in Rn . For a locally integrable
function f on Rn , we consider the maximal function
Mf (x) = sup
r>0
−
∫
B(x,r)
∣∣ f (y)∣∣dy
(for the fundamental properties of maximal functions, see Stein [22]).
In this paper, following Cruz-Uribe and Fiorenza [1], we consider continuous exponents p and q on Rn such that
(P1) 1< p− ≡ infx∈Rn p(x) supx∈Rn p(x) ≡ p+ < ∞;
(P2) |p(x) − p(y)| C/ log(e + 1/|x− y|) whenever x ∈ Rn and y ∈ Rn;
(P3) there exists p∞ > 1 so that∣∣p(x) − p∞∣∣ C/ log(e + |x|) whenever x ∈ Rn;
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(Q2) |q(x) − q(y)| Clog(e+log(e+1/|x−y|)) whenever x ∈ Rn and y ∈ Rn .
If p satisﬁes (P2) (respectively (Q2)), then p (respectively q) is said to satisfy the log-Hölder (respectively log–log-Hölder)
condition.
Let β(·) be a continuous function on Rn satisfying condition (P3), that is,
(β) |β(x) − β| C/ log(e + |x|) for all x ∈ Rn;
here we write β for β∞ .
Let us consider the family Lp,q,β(Rn) of all measurable functions f with the ﬁnite quasi-norm
‖ f ‖Lp,q,β (Rn) = inf
{
λ > 0:
∫ {(
1+ |y|)β(y)∣∣ f (y)/λ∣∣}p(y){log(e + (1+ |y|)β(y)∣∣ f (y)/λ∣∣)}q(y) dy  1
}
. (1.1)
In case β ≡ 0, Lp,q,0(Rn) is denoted by Lp(·)(log L)q(·)(Rn) for simplicity. The space Lp(·)(log L)q(·)(Rn) is a special case of
so-called Musielak–Orlicz spaces in [19], and it has been studied in [1,13,15,16].
Our ﬁrst aim in this paper is to prove the following result concerning the boundedness of maximal functions in
Lp,q,β(Rn).
Theorem 1.1. If −n/p∞ < β < n(1− 1/p−), then
‖Mf ‖Lp,q,β (Rn)  C‖ f ‖Lp,q,β (Rn)
for all measurable functions f ∈Lp,q,β (Rn).
Here note that ω(x) = (1+|x|)γ is an Ap weight when −n < γ < n(p−1); for the fundamental properties of Ap weights,
see, for example, Heinonen, Kilpeläinen and Martio [11]. In the constant exponent case, see, for example, Muckenhoupt [18],
Stein [22], Nakai [20], Kokilashvili and Krbec [12] and the authors [17]. To prove our theorem, we ﬁrst give a pointwise
estimate of the maximal function by use of Young’s inequality, and then apply the Diening’s trick (see [3]). In fact, the proof
is carried out along the lines as in [13]; but in the case β < 0, we need Hardy type inequality.
The case β = 0 in Theorem 1.1 was proved by [13, Proposition 2.5], as an extension of Diening [3] and Cruz-Uribe,
Fiorenza and Neugebauer [2]. In special Musielak–Orlicz spaces including our Lp,q,β(Rn), Diening [5] gave a suﬃcient con-
dition for the maximal operator to be bounded. But his condition is not easy to check, and hence we give a proof different
from his method. Further, one is expected to treat a general Ap weight in the variable exponent setting, which was intro-
duced by Hästö and Diening [8].
Let α(·) be a continuous function on Rn satisfying
(α1) 0< α−  α+ < n.
For a locally integrable function f on Rn , we deﬁne the Riesz potential of order α by
Iα f (x) =
∫
|x− y|α(x)−n f (y)dy;
for fundamental properties on Riesz potentials, see for example Mizuta [14]. As an application of the boundedness of
maximal functions in Lp,q,β(Rn) and Hedberg’s trick [10] as well as Diening’s trick [3,4], we establish the weighted Sobolev
inequality of Riesz potentials Iα f of functions f ∈Lp,q,β(Rn). Suppose further
(α2) (αp)+ < n.
Let p∗(x) denote the Sobolev conjugate of p(x), that is,
1/p∗(x) = 1/p(x) − α(x)/n > 0.
As an application of Theorem 1.1, we give weighted Sobolev’s inequality for Riesz potentials, which is stated in the
following.
Theorem 1.2. If α+ − n/p∞ < β < n(1− 1/p−), then
‖Iα f ‖Lp∗,p∗q/p,β (Rn)  C‖ f ‖Lp,q,β (Rn)
for all measurable functions f ∈Lp,q,β (Rn).
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Theorem 1.2 was obtained by N. & S. Samko and Vakulov [21, Theorem A] and Hästö [7, Theorem 4.4].
Remark 1.3. In Theorem 1.2, the condition α+ − n/p∞ < β is needed, as was pointed out by Hästö [7, Example 4.1].
2. Proof of Theorem 1.1
Throughout this paper, let C denote various constants independent of the variables in question, and C(a,b, . . .) a constant
that depends on a,b, . . . .
2.1. The case β  0
Lemma 2.1. If 1< p0 < p− and 0 β < n(1− 1/p0), then(
1+ |x|)β(x)Mf (x) C{Mf0(x)}1/p0
for all x ∈ Rn and measurable functions f on Rn, where f0(y) = {| f (y)|(1+ |y|)β(y)}p0 .
Proof. First it is convenient to note from (P3) and (β) that
C−1
(
1+ |y|)p(y)  (1+ |y|)p∞  C(1+ |y|)p(y) (2.1)
and
C−1
(
1+ |y|)β  (1+ |y|)β(y)  C(1+ |y|)β (2.2)
for y ∈ Rn . Hölder’s inequality yields
−
∫
B(x,r)
∣∣ f (y)∣∣dy 
(
−
∫
B(x,r)
{∣∣ f (y)∣∣(1+ |y|)β}p0 dy
)1/p0(
−
∫
B(x,r)
{(
1+ |y|)−β}p′0 dy
)1/p′0
,
where 1/p0 + 1/p′0 = 1. Hence it suﬃces to show
(
−
∫
B(x,r)
{(
1+ |y|)−β}p′0 dy
)1/p′0
 C
(
1+ |x|)−β . (2.3)
If r  |x|/2, then
(
−
∫
B(x,r)
{(
1+ |y|)−β}p′0 dy
)1/p′0
 C
(
1+ |x|)−β .
Similarly, if |x|/2< r  |x|, then
(
−
∫
B(x,r)
{(
1+ |y|)−β}p′0 dy
)1/p′0
 C
(
−
∫
B(0,2|x|)
{(
1+ |y|)−β}p′0 dy
)1/p′0
 C
(
1+ |x|)−β,
since −β + n/p′0 > 0 by our assumption. Finally, if r > |x|, then
(
−
∫
B(x,r)
{(
1+ |y|)−β}p′0 dy
)1/p′0
 C
(
−
∫
B(0,2r)
{(
1+ |y|)−β}p′0 dy
)1/p′0
 C(1+ r)−β  C(1+ |x|)−β,
since −β + n/p′0 > 0 and β  0. Thus, in all cases, (2.3) follows and the lemma is obtained by (2.2). 
We know the boundedness of maximal functions in Lp,q,0(Rn), due to Proposition 2.5 in [13].
Lemma 2.2. There exists a positive constant C such that
‖Mf ‖Lp,q,0(Rn)  C‖ f ‖Lp,q,0(Rn)
for all measurable functions f ∈Lp,q,0(Rn).
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Proof of Theorem 1.1 when β  0. Take p0 such that 1< p0 < p− . By Lemmas 2.1 and 2.2, we see that
‖Mf ‖Lp,q,β (Rn) =
∥∥(1+ |x|)β(x)Mf (x)∥∥Lp,q,0(Rn)  C‖Mf0‖Lp/p0,q,0(Rn)  C‖ f0‖Lp/p0,q,0(Rn) = C‖ f ‖Lp,q,β (Rn)
for all measurable functions f on Rn , where f0(y) = {| f (y)|(1+ |y|)β(y)}p0 ∈Lp/p0,q,0(Rn). 
2.2. The case β < 0
The proof of Lemma 2.1 gives the following result.
Lemma 2.3. If 1< p0 < p− and −n/p∞ < β < 0, then
(
1+ |x|)β(x)Mf (x) C{Mf0(x)}1/p0 + C(1+ |x|)β
( ∫
Rn\B(0,|x|)
f0(y)|y|−βp0−n dy
)1/p0
for all x ∈ Rn \ B(0,1) and measurable functions f on Rn, where f0(y) = {| f (y)|(1+ |y|)β(y)}p0 .
Lemma 2.4. If −n/p∞ < β < 0, 0< a < (n + βp∞)/(p∞ − 1) and 0< δ < n + βp∞ − a(p∞ − 1), then
F (x) ≡
∫
Rn\B(0,|x|)
f (y)|y|−β−n dy  C |x|−(A+a)/p(x) + C
(
|x|−A
∫
Rn\B(0,|x|)
g(y)|y|−δ dy
)1/p(x)
for all x ∈ Rn \ B(0,1) and measurable functions f on Rn such that ‖ f ‖Lp,q,0(Rn)  1, where g(y) = | f (y)|p(y)(log(e + | f (y)|))q(y)
and A = n − δ + βp∞ > 0.
Proof. Suppose x ∈ Rn \ B(0,1) and f is a nonnegative measurable function on Rn with ‖ f ‖Lp,q,0(Rn)  1. First consider the
case when
K =
( ∫
Rn\B(0,|x|)
g(y)|y|−δ dy
)1/p(x)
> |x|−a.
Set
k(y) = K |y|(δ−n)/p(y).
Then
F (x)
∫
Rn\B(0,|x|)
k(y)|y|−β−n dy + C
∫
Rn\B(0,|x|)
f (y)
(
f (y)
k(y)
)p(y)−1( log(e + f (y))
log(e + k(y))
)q(y)
|y|−β−n dy.
Since 0< δ < n + βp∞ and C−1|y|p∞  |y|p(y)  C |y|p∞ when |y| 1 by (P3),∫
Rn\B(0,|x|)
k(y)|y|−β−n dy = K
∫
Rn\B(0,|x|)
|y|(δ−n)/p(y)−β−n dy  CK
∫
Rn\B(0,|x|)
|y|(δ−n)/p∞−β−n dy  CK |x|(δ−n)/p∞−β .
Note from (P3) that
K−p(y)  CK−p(x)−C/ log(e+|x|)  CK−p(x)
for y ∈ Rn \ B(0, |x|), since |x|−a < K  1. Hence∫
Rn\B(0,|x|)
f (y)
(
f (y)
k(y)
)p(y)−1( log(e + f (y))
log(e + k(y))
)q(y)
|y|−β−n dy
 CK−p(x)+1
∫
Rn\B(0,|x|)
g(y)|y|(n−δ)(p(y)−1)/p(y)|y|−β−n dy
 CK−p(x)+1|x|(δ−n)/p∞−β
∫
Rn\B(0,|x|)
g(y)|y|−δ dy
= CK |x|(δ−n)/p∞−β,
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F (x) CK |x|−β+(δ−n)/p∞  CK |x|−A/p(x)
since |x| > 1.
Next, if K  |x|−a  1, then we have by the above discussions
F (x)
∫
Rn\B(0,|x|)
|y|(δ−n−a)/p(y)|y|−β−n dy
+ C
∫
Rn\B(0,|x|)
f (y)
(
f (y)
|y|(δ−n−a)/p(y)
)p(y)−1( log(e + f (y))
log(e + |y|(δ−n−a)/p(y))
)q(y)
|y|−β−n dy
 C |x|(δ−n−a)/p∞−β + C
∫
Rn\B(0,|x|)
g(y)|y|(n−δ+a)(p(y)−1)/p(y)|y|−β−n dy
 C |x|(δ−n−a)/p∞−β + C |x|(δ−n−a)/p∞−β |x|a
∫
Rn\B(0,|x|)
g(y)|y|−δ dy
 C |x|−(A+a)/p∞ + C |x|−(A+a)/p∞|x|a(1−p∞)
 C |x|−(A+a)/p(x),
since 0< δ < n + βp∞ − a(p∞ − 1). Thus the lemma is proved. 
Now we are ready to prove Theorem 1.1 when β < 0.
Proof of Theorem 1.1 when β < 0. Let f be a nonnegative measurable function on Rn with ‖ f ‖Lp,q,β (Rn)  1, that is,∫ {
f (y)
(
1+ |y|)β(y)}p(y){log(e + f (y)(1+ |y|)β(y))}q(y) dy  1,
which together with (2.2) implies∫ {
f (y)
(
1+ |y|)β}p(y){log(e + f (y)(1+ |y|)β)}q(y) dy  C .
Write f1 = f χB(0,2) and f2 = f − f1.
For f1, since ‖ f1‖Lp,q,0(Rn)  C , we have by Lemma 2.2∫
B(0,4)
{(
1+ |x|)β(x)Mf1(x)}p(x){log(e + (1+ |x|)β(x)Mf1(x))}q(x) dx
 C
∫
B(0,4)
{
Mf1(x)
}p(x){
log
(
e + Mf1(x)
)}q(x)
dx
 C
and, since Mf1(x) C |x|−n for x ∈ Rn \ B(0,4),∫
Rn\B(0,4)
{(
1+ |x|)β(x)Mf1(x)}p(x){log(e + (1+ |x|)β(x)Mf1(x))}q(x) dx
 C
∫
Rn\B(0,4)
(
1+ |x|)(β−n)p(x) dx
 C
∫
Rn\B(0,4)
(
1+ |x|)(β−n)p∞ dx
 C,
since (β − n)p∞ + n (β − n)p− + n < 0.
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Mf2(x) sup
r>1
Cr−n
∫
B(x,r)
f2(y) C
∫
Rn\B(0,2)
f (y)|y|−n dy  C,
so that ∫
B(0,1)
{(
1+ |x|)β(x)Mf2(x)}p(x){log(e + (1+ |x|)β(x)Mf2(x))}q(x) dx C .
To treat the integration over Rn \ B(0,1), take 1< p0 < p− . Lemma 2.3 gives
(
1+ |x|)β(x)Mf2(x) C{Mf20(x)}1/p0 + C(1+ |x|)β F0(x)
for all x ∈ Rn \ B(0,1), where
F0(x) =
( ∫
Rn\B(0,|x|)
f20(y)|y|−βp0−n dy
)1/p0
with f20(y) = { f2(y)(1+ |y|)β}p0 . Therefore
{(
1+ |x|)β(x)Mf2(x)}p(x){log(e + (1+ |x|)β(x)Mf2(x))}q(x)
 C
{
Mf20(x)
}p(x)/p0{log(e + Mf20(x))}q(x)
+ C{(1+ |x|)β F0(x)}p(x){log(e + (1+ |x|)β F0(x))}q(x).
It follows from Lemma 2.2 that∫ {
Mf20(x)
}p(x)/p0{log(e + Mf20(x))}q(x) dx C,
since ‖ f20‖Lp/p0,q,0(Rn)  C . By Lemma 2.4 with p(·) replaced by p(·)/p0, we can ﬁnd δ > 0 suﬃciently small such that
F0(x) C
(
1+ |x|)−(A+a)/p(x) + C
((
1+ |x|)−A
∫
Rn\B(0,|x|)
g2(y)|y|−δ dy
)1/p(x)
for all x ∈ Rn \ B(0,1), where A = n + βp∞ − δ > 0, 0< a < (n + βp∞)/(p∞ − 1) and
g2(y) =
{(
1+ |y|)β f2(y)}p(y){log(e + (1+ |y|)β f2(y))}q(y).
Since (1+ |x|)β F0(x) F0(x) C , using Fubini’s theorem, we ﬁnd∫
Rn\B(0,1)
{(
1+ |x|)β F0(x)}p(x){log(e + (1+ |x|)β F0(x))}q(x) dx
 C
∫ {(
1+ |x|)β F0(x)}p(x) dx
 C
∫ (
1+ |x|)δ−n−a dx+ C
∫ ((
1+ |x|)δ−n
∫
Rn\B(0,|x|)
g2(y)|y|−δ dy
)
dx
 C + C
∫
Rn\B(0,2)
g2(y)|y|−δ
( ∫
B(0,|y|)
(
1+ |x|)δ−n dx
)
dy
 C + C
∫
g2(y)dy
 C
when 0< δ < a. Thus Theorem 1.1 is also proved when β < 0. 
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In this section, we derive the weighted Sobolev inequality for Riesz potentials of functions in Lp,q,β(Rn), as an application
of the boundedness of maximal functions in Lp,q,β(Rn) by use of Hedberg’s trick [10].
Recall that p∗(x) denotes the Sobolev conjugate of p(x), that is,
1/p∗(x) = 1/p(x) − α(x)/n.
For simplicity, set
Iα f (x) =
∫
B(x,1+2|x|)
|x− y|α(x)−n f (y)dy +
∫
Rn\B(x,1+2|x|)
|x− y|α(x)−n f (y)dy = I1(x) + I2(x)
for a nonnegative measurable function f on Rn . Note that
I2(x) C
∫
Rn\B(0,1+|x|)
|y|α(x)−n f (y)dy. (3.1)
Let us begin with the following result due to [16, Lemma 2.9] with a small change; for related results, see also
[9, Lemmas 3.1 and 3.2] and [15, Lemma 2.4].
Lemma 3.1. If f is a nonnegative measurable function on Rn with ‖ f ‖Lp,q,0(Rn)  1, then∫
B(x,1+2|x|)\B(x,δ)
|x− y|α(x)−n f (y)dy  Cδα(x)−n/p(x)(log(e + δ−1))−q(x)/p(x).
This lemma gives
I1(x) Cδα(x)Mf (x) + Cδα(x)−n/p(x)
(
log
(
e + δ−1))−q(x)/p(x)
for every δ > 0. Now, letting δ = {Mf (x)}−p(x)/n(log(e + Mf (x)))−q(x)/n , we ﬁnd
I1(x) C
{
Mf (x)
}1−α(x)p(x)/n{
log
(
e + Mf (x))}−α(x)q(x)/n,
so that
{
I1(x)
}p∗(x){
log
(
e + I1(x)
)}p∗(x)q(x)/p(x)  C{Mf (x)}p(x){log(e + Mf (x))}q(x). (3.2)
Thus, in view of Theorem 1.1, we have the following result.
Corollary 3.2. If f is a nonnegative measurable function on Rn with ‖ f ‖Lp,q,0(Rn)  1, then∫
Rn
{
I1(x)
}p∗(x){
log
(
e + I1(x)
)}p∗(x)q(x)/p(x)
dx C .
Lemma 3.3. If f is a nonnegative measurable function on Rn with ‖ f ‖Lp,q,0(Rn)  1, then
I2(x) C
(
1+ |x|)α(x)−n/p(x).
Proof. Let f be a nonnegative measurable function on Rn with ‖ f ‖Lp,q,0(Rn)  1. Then we have by (3.1) and (P3)
I2(x) C
∫
Rn\B(0,1+|x|)
|y|α(x)−n|y|−n/p(y) dy
+ C
∫
Rn\B(0,1+|x|)
|y|α(x)−n f (y)
(
f (y)
|y|−n/p(y)
)p(y)−1( log(e + f (y))
log(e + |y|−n/p(y))
)q(y)
dy
 C
∫
n
|y|α(x)−n/p∞−n dy + C
∫
n
|y|α(x)−n+n(p∞−1)/p∞ f (y)p(y)(log(e + f (y)))q(y) dy
R \B(0,1+|x|) R \B(0,1+|x|)
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(
1+ |x|)α(x)−n/p∞ + C(1+ |x|)α(x)−n/p∞
∫
Rn\B(0,1+|x|)
f (y)p(y)
(
log
(
e + f (y)))q(y) dy
 C
(
1+ |x|)α(x)−n/p∞ ,
as required. 
With the aid of Theorem 1.1, we have a local version of Sobolev’s inequality in Lp,q,0(Rn).
Corollary 3.4. If f is a nonnegative measurable function on Rn with ‖ f ‖Lp,q,0(Rn)  1, then∫
B(0,R0)
{
Iα f (x)
}p∗(x){
log
(
e + Iα f (x)
)}p∗(x)q(x)/p(x)
dx C
for R0 > 0.
In fact, (3.2) and Lemma 3.3 give
{
Iα f (x)
}p∗(x){
log
(
e + Iα f (x)
)}p∗(x)q(x)/p(x)  C{Mf (x)}p(x)(log(e + Mf (x)))q(x) + C
for all x ∈ B(0, R0).
Now we have Theorem 1.2 for f with compact support.
Lemma 3.5. Suppose β < n(1 − 1/p−). If f is a nonnegative measurable function on Rn with ‖ f ‖Lp,q,β (Rn)  1 and f = 0 outside
B(0, R0), then∫
Rn
{(
1+ |x|)β(x) Iα f (x)}p∗(x){log(e + (1+ |x|)β(x) Iα f (x))}p∗(x)q(x)/p(x) dx C .
Proof. Let f be a nonnegative measurable function on Rn with ‖ f ‖Lp,q,β (Rn)  1 such that f = 0 on Rn \ B(0, R0). By
Corollary 3.4, we have∫
B(0,2R0)
{(
1+ |x|)β(x) Iα f (x)}p∗(x){log(e + (1+ |x|)β(x) Iα f (x))}p∗(x)q(x)/p(x) dx
 C
∫
B(0,2R0)
{
Iα f (x)
}p∗(x){
log
(
e + Iα f (x)
)}p∗(x)q(x)/p(x)
dx
 C .
Moreover, if |x| 2R0, then
Iα f (x) C |x|α(x)−n
∫
B(0,R0)
f (y)dy  C |x|α(x)−n
∫
B(0,R0)
{
1+ f (y)p(y){log(e + f (y))}q(y)}dy  C |x|α(x)−n,
so that ∫
Rn\B(0,2R0)
{(
1+ |x|)β(x) Iα f (x)}p∗(x){log(e + (1+ |x|)β(x) Iα f (x))}p∗(x)q(x)/p(x) dx
 C
∫
Rn\B(0,2R0)
|x|(α(x)−n+β)p∗(x) dx
 C,
since α(x)−n+β +n/p∗(x) = β −n+n/p(x) < β −n+n/p− < 0 by our assumption. Thus the present lemma is proved. 
Next we are concerned with the general weighted Sobolev inequality for functions f such that f = 0 on B(0, R0),
because of Lemma 3.5. Hereafter let R0 > 1 be ﬁxed.
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I1(x) =
∫
B(x,|x|/2)
|x− y|α(x)−n f (y)dy +
∫
B(x,1+2|x|)\B(x,|x|/2)
|x− y|α(x)−n f (y)dy ≡ I11(x) + I12(x)
for a nonnegative measurable function f on Rn . Then, since
I11(x) C
(
1+ |x|)−β(x)
∫
B(x,|x|/2)
|x− y|α(x)−n{ f (y)(1+ |y|)β(y)}dy,
we have the following results with the aid of Corollary 3.2.
Lemma 3.6. If f is a nonnegative measurable function on Rn with ‖ f ‖Lp,q,β (Rn)  1, then∫
Rn
{(
1+ |x|)β(x) I11(x)}p∗(x){log(e + (1+ |x|)β(x) I11(x))}p∗(x)q(x)/p(x) dx C .
Lemma 3.7. Suppose β < n(1 − 1/p−). If f is a nonnegative measurable function on Rn with ‖ f ‖Lp,q,β (Rn)  1 such that f = 0 on
B(0, R0), then∫
Rn
{(
1+ |x|)β(x) I12(x)}p∗(x){log(e + (1+ |x|)β(x) I12(x))}p∗(x)q(x)/p(x) dx C .
Proof. Let f be a nonnegative measurable function on Rn with ‖ f ‖Lp,q,β (Rn)  1 such that f = 0 on B(0, R0). By Corol-
lary 3.4, we have∫
B(0,1)
{(
1+ |x|)β(x) I12(x)}p∗(x){log(e + (1+ |x|)β(x) I12(x))}p∗(x)q(x)/p(x) dx
 C
∫
B(0,1)
{
I12(x)
}p∗(x){
log
(
e + I12(x)
)}p∗(x)q(x)/p(x)
dx
 C .
Suppose x ∈ Rn \ B(0,1). Note that
I12(x) C |x|α(x)−n
∫
B(0,4|x|)
f (y)dy.
Since f = 0 on B(0, R0), we obtain by Hölder’s inequality
I12(x) C |x|α(x)−n
( ∫
B(0,4|x|)
{(
1+ |y|)β f (y)}p0 dy
)1/p0( ∫
B(0,4|x|)
{(
1+ |y|)−β}p′0 dy
)1/p′0
 C |x|α(x)−β−n/p0
( ∫
B(0,4|x|)
{(
1+ |y|)β f (y)}p0 dy
)1/p0
when β < n/p′0 and 1< p0 < p− . Hence
(
1+ |x|)β(x) I12(x) C
( ∫
Rn
|x− y|α(x)p0−n{(1+ |y|)β f (y)}p0 dy
)1/p0
.
Corollary 3.2 with α(x) and p(x) replaced by α(x)p0 and p(x)/p0 gives∫
Rn
{(
1+ |x|)β(x) I12(x)}p∗(x){log(e + (1+ |x|)β(x) I12(x))}p∗(x)q(x)/p(x) dx C,
as required. 
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Lemma 3.8. Suppose β < n(1 − 1/p−). If f is a nonnegative measurable function on Rn with ‖ f ‖Lp,q,β (Rn)  1 such that f = 0 on
B(0, R0), then∫
Rn
{(
1+ |x|)β(x) I1(x)}p∗(x){log(e + (1+ |x|)β(x) I1(x))}p∗(x)q(x)/p(x) dx C .
We next treat I2.
Lemma 3.9. If α+ − n/p∞ < β < n(1− 1/p−), then∫
Rn
{(
1+ |x|)β(x) I2(x)}p∗(x){log(e + (1+ |x|)β(x) I2(x))}p∗(x)q(x)/p(x) dx C
for all nonnegative measurable functions f on Rn such that f = 0 on B(0, R0) and ‖ f ‖Lp,q,β (Rn)  1.
Proof. Let f be a nonnegative measurable function on Rn such that f = 0 on B(0, R0) and ‖ f ‖Lp,q,β (Rn)  1. Then∫
Rn
f2(y)
p(y)(log(e + f2(y)))q(y) dy  1, (3.3)
where f2(y) = f (y)(1+ |y|)β . Recall from (3.1) that
I2(x) C
∫
Rn\B(0,1+|x|)
|y|α(x)−β−n f2(y)dy.
As in the proof of Lemma 3.3, we ﬁnd
I2(x) C
(
1+ |x|)α(x)−β−n/p(x),
since α+ − n/p∞ < β . Hence, we have∫
B(0,2R0)
{(
1+ |x|)β(x) I2(x)}p∗(x){log(e + (1+ |x|)β(x) I2(x))}p∗(x)q(x)/p(x) dx
 C
∫
B(0,2R0)
{
I2(x)
}p∗(x){
log
(
e + I2(x)
)}p∗(x)q(x)/p(x)
dx
 C .
Suppose x ∈ Rn \ B(0,2R0). Let
f2 = f2χ{y: f2(y)1} + f2χ{y: f2(y)<1} ≡ f21 + f22.
Take p0 such that 1< p0 < p− and set
p0(x) = p(x)/p0.
Then, in view of (3.3), ‖ f21‖Lp0,q,0(Rn)  1. Therefore, since β > α+ − n/p∞ , we ﬁnd by (P3)
I21(x) ≡
∫
Rn\B(0,1+|x|)
|y|α(x)−β−n f21(y)dy
 C
∫
Rn\B(0,1+|x|)
|y|α(x)−β−n f21(y)p0(y)
(
log
(
e + f21(y)
))q(y)
dy
 C
(
1+ |x|)α(x)−β−n.
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Rn\B(0,2R0)
{(
1+ |x|)β(x) I21(x)}p∗(x){log(e + (1+ |x|)β(x) I21(x))}p∗(x)q(x)/p(x) dx
 C
∫
Rn\B(0,2R0)
|x|(α(x)−n)p∗(x) dx
 C,
since α(x) − n + n/p∗(x) = −n + n/p(x) < −n + n/p− < 0. Take γ > 0 and p0 (1< p0 < p−) such that
n/p′0 < γ < n −
(
α(x) − β)(p0)∞,
where (p0)∞ = p∞/p0. By [6, Lemma 3.11] with α and p(x) replaced by α(x) − β and p0(x) respectively, we have
I22(x) ≡
∫
Rn\B(0,1+|x|)
|y|α(x)−β−n f22(y)dy
 C
(
1+ |x|)α(x)−β−n/p0(x) + C |x|α(x)−β
(
|x|γ−n
∫
Rn\B(0,|x|)
|y|−γ f22(y)p0(y) dy
)1/p0(x)
≡ J1(x) + J2(x).
It is easy to see that∫ {(
1+ |x|)β(x) J1(x)}p∗(x) dx C,
since α(x) − n/p0(x) + n/p∗(x) = −n/p0(x) + n/p(x) < 0. Hölder’s inequality and (3.3) yield
∫
Rn\B(0,|x|)
|y|−γ f22(y)p0(y) dy  C |x|−γ+n/p′0
( ∫
Rn\B(0,|x|)
f22(y)
p(y) dy
)1/p0
 C |x|−γ+n/p′0 ,
which implies that J2 is bounded, since α+ − β − n/p∞ < 0. Further, in view of [6, Lemma 3.12], we ﬁnd∫ {(
1+ |x|)β(x) J2(x)}p∗(x) dx C .
Since (1+ |x|)β(x) I22(x) is bounded on Rn , we establish∫ {(
1+ |x|)β(x) I22(x)}p∗(x){log(e + (1+ |x|)β(x) I22(x))}p∗(x)q(x)/p(x) dx
 C
∫ {(
1+ |x|)β(x) I22(x)}p∗(x) dx
 C
∫ {(
1+ |x|)β(x)( J1(x) + J2(x))}p∗(x) dx
 C,
as required. 
Now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. Let f be a nonnegative measurable function on Rn such that ‖ f ‖Lp,q,β (Rn)  1. For R0 > 0 suﬃciently
large, write
f = f χB(0,R0) + f χRn\B(0,R0) ≡ f1 + f2.
By Lemma 3.5, we have∫
Rn
{(
1+ |x|)β(x) Iα f1(x)}p∗(x){log(e + (1+ |x|)β(x) Iα f1(x))}p∗(x)q(x)/p(x) dx C .
By Lemmas 3.8 and 3.9, we obtain
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Rn
{(
1+ |x|)β(x) Iα f2(x)}p∗(x){log(e + (1+ |x|)β(x) Iα f2(x))}p∗(x)q(x)/p(x) dx
 C
∫
Rn
{(
1+ |x|)β(x) I1(x)}p∗(x){log(e + (1+ |x|)β(x) I1(x))}p∗(x)q(x)/p(x) dx
+ C
∫
Rn
{(
1+ |x|)β(x) I2(x)}p∗(x){log(e + (1+ |x|)β(x) I2(x))}p∗(x)q(x)/p(x) dx
 C .
Thus Theorem 1.2 is proved. 
In the same way as Theorem 1.2, we can prove the following result.
Theorem 3.10. If max{0, ((αp)+ − n)/p−} < ε < α− and α+ − n/p∞ < β < n(1− 1/p−), then
‖Iα f ‖Lp∗ε,p∗εq/p,β−ε(Rn)  C‖ f ‖Lp,q,β (Rn)
for all measurable functions f on Rn, where
1
p∗ε(x)
= 1
p(x)
− α(x) − ε
n
> 0.
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